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Abstract 
UAl3 - USi3 equilibrium phase diagram has already been analyzed by the present authors in a previous work based in a set of ab 
initio calculated energies for volume relaxed ordered structures. We evaluate in this work the formation energy of the disordered 
phase U(Al,Si)3 through a cluster expansion method from ab initio calculated total energies for full relaxed ordered structures. 
Total energies were calculated through a DFT based FP LAPW method in the GGA approximation, including scalar relativistic 
corrections and implemented in the WIEN2K code. Cluster expansion and Monte Carlo simulation for finite temperatures were 
performed with the aid of the program package ATAT. Ionic relaxation does not introduce variations neither in the transition 
temperatures nor in the general morphology of the equilibrium phase diagram. However, it allows the stabilization of a wide zone 
of ordering of the solid solution around the U2Al3Si3 composition, and an ordering at low temperatures at U2AlSi5 composition. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the Scientific Committee of SAM– CONAMET 2014. 
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1. Introduction 
USi3-UAl3 pseudobinary system was investigated by Dwight (1982) through measurements within binary or 
ternary phase fields of the U-Al-Si system. He suggested a complete solid miscibility between UAl3 and USi3 at 900 
ºC but he pointed out that it could exist a miscibility gap at lower temperatures in the solid solution U(Al,Si)3. Later, 
Chebotarev et al. (1996) identified by X-ray diffraction techniques an intermetallic phase stable till 1340 ºC, 
belonging to the spatial group 223, with 256 atoms in the unit cell and with the stoichiometry Al144Si48U64 but 
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exhibiting a wide solubility range at room temperature (
3USi
x between 0.07 and 0.5 in the pseudobinary UAl3-USi3). 
Recently, a compound was identified at 58.04.0
3USi
dd x with tetragonal structure (spatial group I4/mmm (139)), 
with 64 atoms in the unit cell (Rafailov et al. (2014)). We presented previously (Alonso et al. (2012)) our work 
related to the pseudobinary UAl3-USi3 using Density Functional Theory (DFT) based methods, cluster expansion 
methods for the disordered energy expression and Monte Carlo simulations. We found an agreement with the 
experimental reports concerning the existence of a phase with a wide solubility range. However, taking into account 
literature advices on the influence of structure relaxing on the temperatures for order-disorder transformations (Wei 
et al. (1987)), we decided to perform new calculations allowing ionic positions relaxation for the structures.  
2. Calculation methods 
Total energies of pure elements and superstructures were calculated as non spin polarized using the DFT 
(Dreizler et al. (1990)) based method FP-LAPW (full-potential linearized augmented-plane wave) in the generalized 
gradient approximation (Perdew et al. (1996, 1997)), including scalar relativistic corrections (Singh (1994) and 
Andersen (1975)), and implemented WIEN2K code (Blaha et al. (2001)). We used the MAPS software within the 
ATAT software package (van de Walle et al. (2002)) together with the WIEN2K code to evaluate the necessary 
structures, calculate their total energies and construct the set of effective cluster interactions (ECI’s) to reproduce the 
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where nfE'  is the formation energy of the n ordered compound calculated by first principles,  
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and nfEˆ'  is the predicted value through the expansion with the set of ECI’s obtained by a least square fit of the 
other (N-1) structural energies. For a finite number of energies the score finds a minimum while increasing the 
number of clusters in the expansion.  
The pseudobinary fcc unit cell is described with two sublattices: vertex are occupied with U atoms, and face 
centers with interchangeable Al and Si atoms. We call disordered structure the one which has a random occupation 
of the second sublattice, and is defined as (AlíxSix)3U. Calculation details and parameters used are described 
elsewhere (Alonso et al. (2012)). In this work, total energy of the whole set of structures was minimized as a 
function of lattice parameters allowing ionic relaxation. 
Equilibria at constant temperature and volume were obtained through Monte Carlo simulations (Newman et al. 
(1998)) for the ground state (GS) structures and for the disordered solid solution at the same temperatures. The 
cluster expansion is used as entry in the Easy Monte Carlo Code (Emc2) (Van de Walle (2001)) within the ATAT 
software package (van de Walle et al. (2002)). Simulations were made in the semi grand canonical ensemble with a 
fixed number of atoms. Energy and composition are variable while temperature and the difference between chemical 
potentials of both species for the binary system are imposed. 
3. Results and Discussion 
3.1. Cluster expansion at T = 0 K 
We present the results for an expansion with structures till 12 atoms in the unit cell where the Al and Si atoms are 
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considered as interchangeable and the U atoms are fixed.  
The convergence of the expansion is evaluated by the accomplishment of three criteria: ECI’s intensity should 
decay as a function of size and of the number of sites, CV score should have a small value (typically less than 1.8 
mRyd), and the GS phase diagram should reproduce the structures calculated as stable without predicting a new one.  
x Fig. 1(a) shows a plot of ECI’s intensities as a function of perimeter, calculated as the sum of pair distances 
taking part of the cluster. Cluster expansion truncation is validated since interaction intensity decays for pairs 
with perimeter greater than 2a  (where a is the lattice parameter). However, it is observed that the pair with 
the smallest perimeter is not the most intensive. This fact appears at a first glance as a fail in convergence, 
but after a brief analysis it comes out as a correct result. The most intensive pair is the one which connects 
two face centers and passes through a vertex (indicated as P41 in Fig. 1(b). Since vertex occupation has 
remained fixed with U atoms, atoms occupying these sites are invisible to the computation of cluster 
expansion. In the case of the fifth pair of the expansion (P41), the invisible atom is an U atom, that has a 
remarkable weight in the formation energy. The incidence of the value of its formation energy in the 
expansion explains the relative intensity of the cluster. The effect of the environment is clearly evident in the 
comparison of pairs P41 and P42, both with the same perimeter but with different intensity. 
x The second criterion to meet for convergence is the agreement between calculated values by the ab initio 
method and values predicted by the expansion, as reflected in parameter CV. The obtained value of 0.16 
mRyd/at indicates good convergence, as shown in the graph of Fig. 2. 
x Finally, restricting the search to structures up to 12 atoms, no structure was found whose energy is less than 
the predicted GS established by the cluster expansion, being also identical predicted and calculated ground 
states. However, convergence is guaranteed when no structures are predicted more stable than GS without 
size limitation. In this work, structures with at least 16 atoms in the unit cell were predicted to be more stable 
than the GS. But one experimental structure (Rafailov (2014)) is correctly predicted as more stable than the 
GS (Table 1). It is concluded that the expansion is not formally converged but its predictions are correct. 
Assuming the impossibility of including in our calculations the superstructures found experimentally because 
of their size and since a procedure like that would render ineffective the application of the method, our 
approach was to accept the convergence with the limitation in size of the structures included, up to 12 atoms 
per unit cell. Another verification of the robustness of the expansion is the ab initio calculation of formation 
energies for special quasirandom structures (SQS’s) that simulate the disordered solid solution (Zunger et al. 
(1990) and Jiang et al. (2005)). The obtained value was in acceptable agreement with the value predicted 
through the expansion at compositions x = 1/3 and 2/3. A brief summary of their properties and the 
calculated values are included in Table 1, while the complete description of these structures can be found in 
Jiang et al. (2005). 
 
Fig. 1. (a) Intensities of the Effective Cluster Interactions; (b) more intense pair interactions, U sites in green and (Al,Si) sites in blue. 
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Fig. 2. Formation energies calculated by the ab initio method (ab initio) and obtained through the cluster expansion (CE). DS CE stands for 
formation energy for the disordered solution from cluster expansion. 
3.2. Simulation at finite temperatures 
In view of these results, attention was paid to the simulation by the Monte Carlo method to the possibility of 
stabilization of structures not included in the ground state. This is a prerogative of the method, since it allows to 
work with larger cells than those belonging to structures included in the cluster expansion, and obtain its predicted 
energy through the expansion. Simulations were performed within a 31×31×31 cell (unit cells), at each fix 
temperature, and within a chemical potential step of 0.1 mRyd/at (aprox. 0.13 kJ/mol). Calculations for the 
disordered structure were started at the temperature that ensured the randomness of the configuration (30000 K), and 
calculations for the ordered structures were initiated at T = 0 K. Convergence was guaranteed by setting an accuracy 
of 10-3 for all phases.  
Table 1. Ordered structures in the ground state, SQS’s and predicted values through the cluster expansion (CE) for the experimental structures. x 
refers to composition formula (AlíxSix)3U. 
 N        
(atom/cell) 
Nº and name of  
spatial group 





24 1 P1 Al2SiU 0.3333 -2.09 -2.27 
24 1 P1 AlSi2U 0.6667 -2.34 -2.48 
GS 
4 221 Pm m Al3U 0.0000 0.00 0.03 
8 65 Cmmm  Al5SiU2 0.1667 -1.89 -1.93 
8 123 P4/mmm Al2SiU 0.3333 -3.48 -3.50 
8 51 Pmma AlSi2U 0.6667 -3.69 -3.72 
8 65 Cmmm  AlSi5U2 0.8333 -2.00 -2.05 
4 221 Pm m Si3U 1.0000 0.00 -0.01 
Chebotarev et al. (1996) 256 223 Pm n Al144Si48U64 0.2500 — -2.34 
Rafailov et al. (2014) 64 139 I4/mmm Al28Si20U16 0.4167 — -3.72 
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Fig. 3. (a) Formation energy vs. composition plot (at T=322 K in this example). The different ordering domains of the solid solution can be 
distinguished. (b) Phase equilibrium diagram resulting from the Monte Carlo simulation. The horizontal line indicates the 322 K temperature. 
The analysis of equilibria was based in: 
x values of temperature as a function of composition, since it is only possible to simulate phases in the one-
phase composition ranges; 
x values of energy as a function of composition, since energy is dependent solely on configuration, and thus a 
jump in the values for energy implies a change in configuration (Fig. 3(a)). This analysis was necessary 
because the T vs. x plot shows one-phase regions in compositions where no ground state phase is an 
equilibrium phase. The changes in configurational energy allows us to affirm that in these regions there 
appear phases not pertaining to the GS and thus with sizes larger than 12 atoms per cell. The equilibrium 
phase diagram in Fig. 3(b) is constructed with the inclusion of those phases; 











PE expln1),( ,                        (3) 
since the intercept of ) vs P plot for two phases indicates equilibrium, where )(1 kT E  as usual. The grand 
potential function is obtained in the simulation by integration, starting the calculation at T = 0 K for the 
ordered phases and at a high enough temperature for the disordered phase. 
We can observe the overall similarity between the morphology of the order – disorder transformations found in 
this pseudobinary and those in the Cu-Au phase equilibrium diagram (Okamoto (1987)). Cu-Au system was 
theoretically analysed (Wei (1987)) with the conclusion that the correct depiction of transformations could only be 
reached by taking into account the fully relaxed energies for the structures included in the cluster expansion. In the 
USi3-UAl3 pseudobinary system, we obtained in a previous work a good convergence and a correct description of 
the overall morphology at finite temperatures by imposing the limit to relaxations in volume of the structures. 
However, it was only by including in this work the ionic relaxation that we could predict the stability of 
superstructures larger than 12 atoms in the unit cell, in agreement with experimental findings (Chebotarev (1996) 
and Rafailov (2014)). This behaviour could be explained with an insight on the electronic distribution of stable 
compounds. Though the pseudobinary treatment renders invisible to the cluster expansion the U atoms, these have a 
remarkable influence in the ab initio calculations. Bonding interactions are not strong between Al and Si atoms, as it  
244   P.H. Gargano et al. /  Procedia Materials Science  9 ( 2015 )  239 – 245 
 
Fig. 4. Experimentally measured compositions on the  pseudobinary UAl3-USi3. Dotted lines join the extremes of diffusion pairs or components 
in dispersed fuels elements where interfase composition was measured. 
is shown in the lack of intermediate comopunds in the Al-Si phase equilibrium diagram and the narrow terminal 
solubilities. Bonding interactions exist principally between U and Al atoms, on one hand, and between U and Si 
atoms, on the other. By allowing ionic relaxation, U-Si and U-Al bondings are able to approach stability distances. 
Finally, we would like to point out that other experimental results agree in their findings of no more than two 
stable ordered compounds in this pseudobinary system. Fig. 4 resumes measured compositions in: irradiation 
experiments on Al dispersed U3Si fuel (Chae et al. (2008)) and Al dispersed U3Si2 fuel (Leenaers et al. (2004)), out 
of pile diffusion pairs U3Si-Al (Rhee et al. (1991)), Al dispersed USi fuel, out of pile, (Leenaers et al. (2008)). 
Compounds growing in the interfase in dispersed fuels or in diffusion pairs show a composition value in agreement 
with the intersection of the line between the extremes of the pair and the line between UAl3 and USi3, with the 
exception of measurements by López Eckerdt et al. (2014) who show a shift and lays in the range of compositions of 
the ordered compound found by Rafailov et al. (2014). This composition shift enhances the evidence of the 
existence of ordered compounds in a wide composition range, and opposes Dwight (1982) proposal of the existence 
of a complete solubility between UAl3 and USi3 or a miscibility gap at low temperatures. Moreover, a recent report 
(López Eckerdt et al. (2014)) shows the existence in equilibrium at 550 ºC of the solid solution U(Al,Si)3 in 
U33.33Si66.67Al0.00 and U33.33Si61.67Al5.00 alloys (at.%), and of an ordered compound with the structure reported by 
Rafailov (2014)) but with a shift in lattice parameter in U33.33Si56.67Al10.00, U34.70Si58.60Al6.70, U37.50Si52.50Al10.00 alloys 
(at.%). The data set is consistent with the ordering of a phase close to the one observed by Chebotarev et al. (1996) 
and other one close to that one observed by Rafailov et al. (2014). This finding is in agreement with the morphology 
of our phase equilibrium diagram at finite temperatures obtained from Monte Carlo simulation in a large enough 
cell, though the correct identification of the ordered structures is subjected to the possibility of performing ab initio 
calculations of the corresponding superstructures. 
4. Conclusion 
This system is characterized by the presence of ordered structures with a wide composition existence range and a 
large size of unit cell. Monte Carlo simulation of finite temperature phase equilibria is not affected by the unit cell 
size of structures in the data set. Simulations based on structures with up to 12 atoms in the unit cell (both volumen 
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relaxed or fully relaxed) and simulations based on data set including structures with larger unit cells show a solid 
solution ordering in a phase with a wide range of composition. 
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